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$Sp(n, \mathbb{R})$ $n$ ( $2n$ )
$GL(n, \mathbb{C})$ $(\rho, V)$ $H_{n}$ $V$-
$F(Z)$ $g=(\begin{array}{ll}A BC D\end{array})\in Sp(n, \mathbb{R})$
$(F|_{\rho}[g])(Z)=\rho(CZ+D)^{-1}F(Z)$
$\Gamma_{n}=M_{2n}(\mathbb{Z})\cap Sp(n, \mathbb{R})$
$\gamma\in\Gamma_{n}$ $F|_{\rho}[\gamma]=F$ $F$ $\rho$
$n=1$ $i\infty$
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$n=2$ $\rho_{k,j}(A)=\det(A)^{k}Sym_{j}(A)$
( $Sym_{j}$ $i$ )
$A_{k,j}(\Gamma_{2}),$ $S_{k,j}(\Gamma_{2})$ $j=0$ $A_{k}(\Gamma_{2})=A_{k,0}(\Gamma_{2})$ ,
$S_{k,0}(\Gamma_{2})$ $i$ $-1_{4}\in\Gamma_{2}$ $A_{k,j}(\Gamma_{2})=0$
$\Gamma$
$n=2$ $T(1,1,p,p)$ ,
$T(1,p,p^{2},p),$ $T(p,p,p,p)$ $T(p)=T(1,1,p,p)_{\backslash }T(p^{2})=$
$T(1,p,p^{2},p)+T(1,1,p^{2},p^{2})+T(p,p, p,p)$ $F$








$L(s, F_{f}, Sp)=\zeta(s-k+1)\zeta(s-k+2)L(s, f)$
Saito-Kurokawa lift
Spinor $L$ $sarrow 2k+j-2-\mathcal{S}l_{\sim}’$




([1] ) $f= \sum_{n=1}^{\infty}a(n)q^{n}\in$
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$L(k+j, f)/\Omega_{\pm}$
$f$ $L$
$L(m, f)$ $1\leq m\leq k-1$ $L(m_{1}, f)/l(m_{2}, f)$ ?
$m_{1},$ $m_{2}$
(Shimura etc.) $f$
2 $\Omega_{\pm}$ $m$ $L(m, f)/\Omega_{+}$














$\Gamma_{0}(4)=\{\gamma=(\begin{array}{ll}A BC D\end{array})\in\Gamma_{2};C\equiv 0mod 4\}\subset Sp(2, \mathbb{R})$
4 Dirichlet $\psi(a)=(\frac{-4}{a})$ $\Gamma_{0}(4)$
$\psi(\gamma)=\psi(\det(D))$ $\psi$


























Kohnen Kohnen’s plus space
( ) 1
(See [5], [2]). $F\in S_{k-1/2,j}(\Gamma_{0}(4), \psi^{l})$
$F( \tau)=\sum_{T\in L_{2}^{*}}a(T)exp(2\pi iTr(T\tau)) , (a(T)\in V_{j})$ ,
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$L$ ( ) Spinor $L$
( ) Zhuravlev $L$
$L$ [9]






Theorem 4.2. $j\geq 0$
$\dim S_{k-1/2,j}^{+}(\Gamma_{0}(4))$
$=\dim S_{k-1/2,j}^{+}(\Gamma_{0}(4) , \psi)+\dim S_{2k-4}(SL_{2}(\mathbb{Z}))\cross\dim S_{2k+2j-2}(SL_{2}(\mathbb{Z}))$ .
$S_{2k-4}(SL_{2}(\mathbb{Z}))$ $S_{2k-2}(SL_{2}(\mathbb{Z}))$
Haupt type $S_{k-1/2,0}^{+}(\Gamma_{0}(4))$ Yoshida lift
([6]) Ikeda lifting





Theorem 4.3. $i$ $k\geq 3$ 2
$g\in S_{2k-4}(SL_{2}(\mathbb{Z}))$ $f\in S_{2k+2j-2}(SL_{2}(\mathbb{Z}))$
$\sigma$ $\sigma(g, f)$ $\sigma(g, f)\neq 0$
$L(s, \sigma(g, f))=L(s-j-1, g)L(s, f)$
Conjecture 4.4. (1 ) $\sigma$ injective
(2 ) $\sigma$ $S_{k-1/2,j}^{+}(\Gamma_{0}(4))$ Petersson
$S_{k-1/2,j}^{+,0}(\Gamma_{0}(4))$ $L$
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4.3. New conjecture of Shimura type. Neben type
Haupt type








( $\Gamma_{0}^{(1)}(4)\subset SL_{2}(Z)$ ) $f$
$k+j-1/2$ $h$
Klingen $E(h)$ $E(h)\in S_{k-1/2,j}^{+}(\Gamma_{0}(4))$
$E$ ( ) Zhuravlev $L$
$L(s, E(h))=\zeta(s-j-1)\zeta(s-2k-j+4)L(s, f)$









$E(h)$ Haupt type Neben type
$\det^{k-1/2}$ Symj Eisenstein
Neben type Harder Haupt
type $E$ ( ) Neben type
Haupt type
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Conjecture 5.1 ( Harder ). $k\geq 3$
$j\geq 0$ $f\in S_{2k+2j-2}(SL_{2}(\mathbb{Z}))$
$h\in S_{k+j-1/2}^{+}(\Gamma_{0}^{(1)}(4))$
$F\in S_{k-1/2,j}^{+,0}(\Gamma_{0}(4))$ $L_{alg}(2k+j-3, f)$



















(2) $F(\tau, z+\lambda\tau+\mu)=e(-\lambda\taut\lambda-2\lambda^{t}z)F(\tau, z)$ .
) $\triangleright$ $e(x)=exp(2\pi ix)$
$F(\tau, z)$
$F( \tau, z)=\sum_{N\in L_{2}^{*},r\in \mathbb{Z}^{2}}c(N, r)e(Tr(N\tau+r^{t}z))$
.
Koecher principle $c(N, r)$ $4N-trr$
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1 1
Skoruppa Arakawa
$H_{2}\cross \mathbb{C}^{2}$ $F(\tau, z)\delta\grave{\grave{:}}_{Z}$ $\tau$ (
) 3
$F$ 1
$\gamma=(\begin{array}{ll}A BC D\end{array})\in\Gamma_{2}$ $\lambda,$ $\mu\in \mathbb{Z}^{2}$
(3) $F(\gamma\tau, z(C\tau+D)^{-1})$
$= \overline{\det(C\tau+D)}^{k}(\frac{\det(C\tau+D)}{|\det(C\tau+D)|})\overline{Sym_{j}(C\tau+D)}F(\tau, z)$ ,
(4) $F(\tau, z+\lambda\tau+\mu)=e(-\lambda\taut\lambda-2\lambda^{t}z)F(\tau, z)$ .
(5) $F$











$z=0$ Taylor $\theta$ (
$)$ $\mu\in(\mathbb{Z}/2\mathbb{Z})^{2}$ $H_{2}\cross \mathbb{C}^{2}$ 2
$\theta_{\mu}(\tau, z)$
$\theta_{\mu}(\tau, z)=\sum_{p\in \mathbb{Z}^{2}}e((p+\frac{\mu}{2})\taut(p+\frac{\mu}{2})+2(p+\frac{\mu}{2})^{t}z)$ .
$F$ 2
$F( \tau, z)=\sum_{\mu\in(\mathbb{Z}/2\mathbb{Z})^{2}}\phi_{\mu}(\tau)\theta_{\mu}(\tau, z)$
$\tau$ $\phi_{\mu}(\tau)$















$\phi_{\mu}(\tau)$ $\theta_{\mu}(\tau, 0)$ $\tau$










$Sym_{2}\otimes Sym_{j}\cong Sym_{j+2}\oplus\det Sym_{j}\oplus\det^{2}Sym_{j-2}$
$j=0$ Sym2 $z_{i}$ 2
$V_{j}$
$\neq 0$ 2 $A_{k,j+2}(\Gamma_{2})\oplus A_{k+1,j}(\Gamma_{2})\oplus$
$A_{k+2,j-2}(\Gamma_{2})$
2
$H(f_{0})$ $f_{0}$ $z_{i}$ 2
$H(f_{0})$
$G(f_{0}, f_{20}, f_{11}, f_{02})=H(f_{0})+f_{00}(\tau)z_{1}^{2}+f_{11}(\tau)z_{1}z_{2}+f_{02}(\tau)z_{2}^{2}$
$j\geq 2$
$G(f_{0}, f_{20}, f_{11}, f_{02})\in A_{k,j+2}(\Gamma_{2})\oplus A_{k+1,j}(\Gamma_{2})\oplus A_{k+2,j-2}(\Gamma_{2})$
$j=0$ $A_{k,2}(\Gamma_{2})$
$\mathcal{T}(f_{0}, f_{20}, f_{11}, f_{02})=(f_{0}, G(f_{0}, f_{20}, f_{11}, f_{02}))$ $J_{(k,j),1}(\Gamma_{2}^{J})$
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$W$ $Z=(\begin{array}{ll}\tau zz \omega\end{array})\in H_{2}$
$F$ $WF=F(\begin{array}{ll}\tau 00 \omega\end{array})$
Theorem 6.2. (1) $\mathcal{T}:J_{(k,j),1}(\Gamma_{2}^{J})arrow(f_{0}, G(f_{0}, f_{20}, f_{i_{1}},f_{02}))\in$
$A_{k,j}(\Gamma_{2})\oplus A_{k,j+2}(\Gamma_{2})\oplus\delta_{j}A_{k+1,j}(\Gamma_{2})\oplus\delta_{j}A_{k+2,j-2}(\Gamma_{2})$
$\delta_{j}$ $j=0$ $0,$ $j\geq 2$ 1
(2) $f_{0}\in A_{k,j}(\Gamma_{2})$ $f_{ij}(\tau)(i+i=2)$ $G(f_{0}, f_{20}, f_{i_{1}}, f_{02})\in$
$A_{k,j+2}(\Gamma_{2})\oplus\delta_{j}A_{k+1,j}(\Gamma_{2})\oplus\delta_{j}A_{k+2,j-2}(\Gamma_{2})$ $H_{2}$





[12] $W(A_{k,j}(\Gamma_{2}))$ $k\geq 10$










$\dim A_{23/2,2}^{+}(\Gamma_{0}(4))=3,$ $\dim S_{23/2,2}^{+}(\Gamma_{0}(4))=2$
$A_{23/2,2}^{+}(\Gamma_{0}(4))$ 3 $F_{1},$ $F_{2}$
$S_{23/2,2}^{+}(\Gamma_{0}(4))$ $F_{2}$ 2
(1) Klingen $=E(h_{27/2})$ . $h_{27/2}$
27/2 1 Kohnen plus space $S_{27/2}^{+}(\Gamma_{0}^{(1)}(4))$
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(2) $g_{26}$ $0\neq g_{20}\in S_{20}(SL_{2}(\mathbb{Z}))$ $F_{1}$
$(g_{20}, g_{26})$ ( )
$L(s, F_{1})=L(s-3, g_{20})L(s, g_{26})$ .
(3)
$S_{k-1/2,j}^{+}(\Gamma_{0}(4))$ $T(1,p,p^{2},p)$ $F$















$\lambda(\mathbb{T}, F_{2})\equiv\lambda(\mathbb{T}, F_{0})mod 43$
$F_{1}$ 1
$g_{20}$ $E_{20}$
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